Introduction
The purpose of this paper is to characterize the basic types of fields pointed out in the title, as well as to describe the norm group N(R/E) of an arbitrary finite extension R of such a field E , and to determine the structure of the Brauer group Br (E) . Our research proves the validity of the Hasse principle for norm form polynomials of R/E , and enables one to find the structure of the Galois group of the maximal p -extension Let us recall that a field E is said to admit (one-dimensional) local class field theory, if its finite abelian extensions in a separable closure E sep are uniquely determined by their norm groups, and for each pair (M 1 , M 2 ) of such extensions, the norm group of the compositum M 1 M 2 is equal to the intersection N(M 1 /E) ∩ N(M 2 /E) and N((M 1 ∩ M 2 )/E) equals the inner group product N(M 1 /E)N(M 2 /E) . It is easily seen that this is the case if and only if E admits one-dimensional p -local class field theory (i.e. finite abelian extensions of E in E(p) have the same properties), for each p ∈ P(E) . By [Ch2, Theorem 2 .1], E admits local p -class field theory, for a given p ∈ P(E) , if the p -component Br (E) p of Br (E) is nontrivial, and E is a p -quasilocal field, i.e. its cyclic extensions of degree p are embeddable as Esubalgebras in each central division E -algebra of Schur index p . As to the converse, it holds true in the special case where E is an algebraic extension of a global field E 0 ; this has been deduced in [Ch2, Sect. 2] from the well-known fact that then central division E -algebras are cyclic. Thus the availability of a local class field theory on E turns out to be equivalent to the assertion that E is a strictly primarily quasilocal field (a strictly PQL-field), i.e. E is p -quasilocal with Br (E) p = {0} , for every p ∈ P(E) . As noted above, the main results of the present paper are obtained by characterizing several types of such fields in terms of valuation theory, and applying on this basis a local-to-global approach.
Throughout the paper, algebras are assumed to be associative with a unit, simple algebras are supposed to be finite-dimensional over their centres, Brauer groups of fields are viewed as additively written, Galois groups are regarded as profinite with respect to the Krull topology. Absolute values of fields are supposed to be nontrivial, and for each algebra A , we consider only subalgebras of A containing its unit. As usual, a field E is said to be formally real, if −1 is not presentable as a finite sum of squares of elements of E ; we say that E is a nonreal field, otherwise. By a group formation, we mean a nonempty class χ of finite groups satisfying the following conditions: χ is closed under the formation of subgroups and quotient groups, and for each H ∈ χ , χ contains every isomorphic copy of H ; If G is a finite group, and H 1 , H 2 are normal subgroups of G , such that G/H j ∈ χ : j = 1, 2 , then G/(H 1 ∩ H 2 ) ∈ χ .
The group formation χ is called saturated, if a finite group G lies in χ , provided that G/Φ(G) ∈ χ , where Φ(G) is the Frattini subgroup of G , i.e. the intersection of the maximal subgroups of G . Our terminology concerning valuation theory, simple algebras, Brauer groups and abstract abelian groups is standard (as used, for example, in [B2; L1; CF; P; M] and [F] ), as well as the one concerning profinite groups, Galois cohomology, field extensions and Galois theory (cf. [S; K; Ko; L1] ).
The paper is organized as follows: Section 1 includes preliminaries on algebraic extensions of a global field E 0 , needed for the further discussion. The main results of the paper are stated in Section 2, and proved in Sections 3, 4 and 5. Section 3 presents a characterization of the p -quasilocal fields in the class of algebraic extensions of E 0 , and a proof of the local reciprocity law for strictly PQL-fields algebraic over E 0 . Section 4 contains a characterization of the minimal algebraic strictly PQLextensions of E 0 . This result is used for describing the Brauer groups of strictly PQL-fields algebraic over E 0 . In Section 5 we prove the Hasse norm theorem for a finite Galois extension M/E , where E is an algebraic extension of E 0 , such that the maximal subgroup p Br(E) of Br (E) of exponent p is finite, for every p ∈ P(E) . This, applied to the special case in which E is a strictly PQL-field allows us to establish the claimed properties of the norm groups of E .
Preliminaries on the local behaviour of algebraic extensions of global fields
Let E 0 be a field, E an algebraic extension of E 0 , A a finite dimensional E -algebra, B a basis of A , Σ a finite subset of A , Σ 1 (B) the set of structural constants of A determined by B , and Σ 2 (B) the set of coordinates of the elements of Σ with respect to B . Then the extension E 1 of E 0 generated by the union Σ 1 (B) ∪ Σ 2 (B) is finite, and the following statements are true (cf. [P, Sect. 9 .2, Proposition c]):
(1.1) (i) The subring A 1 of A generated by E 1 ∪ B is an E 1 -subalgebra of A , such that the E -algebras A 1 ⊗ E 1 E and A are isomorphic;
(ii) If A/E is a Galois extension and Σ contains the roots in A of the minimal polynomial over E 0 of a given primitive element of A/E , then A 1 /E 1 is a Galois extension and the Galois groups G(A 1 /E 1 ) and G(A/E) are canonically isomorphic; (iii) If A/E is a central division E -algebra, then Σ can be chosen so that A 1 /E 1 is a central division algebra with exp (A 1 ) = exp (A) and ind (A 1 ) = ind (A) .
Statement (1.1) enables one to generalize some well-known properties of central division algebras over global fields and local fields, as follows:
(1.2) Every central division algebra over an algebraic extension E of a global or locally compact field E 0 is cyclic and of Schur index equal to its exponent; in addition, if E 0 is locally compact, then the natural homomorphism of Br (E 0 ) into Br (E) is surjective.
An absolute value v of a field E is said to be χ -Henselian with respect to a given group formation χ , if it is nonarchimedean and uniquely extendable to an absolute value of the compositum E(χ) of finite Galois extensions of E in E sep with Galois groups belonging to χ . This is equivalent to the unique extendability of v on each finite Galois extension M of E with G(M/E) ∈ χ . It follows from Galois theory and the general properties of valuation prolongations (cf. [B2, Ch. VI] ) that E is χ -Henselian if and only if it isχ -Henselian, whereχ -Henselian, whereχ is the saturation of χ , i.e. the minimal saturated group formation including χ . This allows us to restrict our further considerations of the χ -Henselian property to the special case where χ is saturated. When χ is the formation of p -groups, for a given prime number p , the valuation v is called p -Henselian. We say that v is Henselian, if it has a unique prolongation v F on each algebraic extension F of E , i.e. if it is Henselian with respect to the formation of all finite groups. It is well-known [Er] , [W] , that in this case, every finite dimensional division E -algebra possesses a valuation extending v (we also denote it by v ). The following statements recall some of the basic relations between central division algebras over a Henselian valued field (E, v) , and the corresponding algebras over the completion E v (see, for example, [Ch7] ):
(ii) The natural homomorphism of Br (E) into Br (E v ) , defined by the rule
In what follows we will also need the following characterization of finite extensions of E v in E v,sep , in case v is Henselian (cf. [B2, Ch. VI, Sect. 8 (1.4) Every finite separable extension L of E v is E v -isomorphic to the completion L v of the separable closure L of E in L with respect to the prolongation of v on L . In order that L/E v is a Galois extension it is necessary and sufficient that L/E has the same property; when this is fulfilled, the Galois groups G(L/E v ) and
The presented results will usually be applied to the case of an algebraic extension E of a local field E 0 . It is well-known that the canonical absolute value, say v 0 , of E 0 is Henselian, whence its unique prolongation v on E has the same property. Also, it follows from (1.1) and local class field theory that finite extensions of E and central division E -algebras are related as follows: (ii) The natural homomorphism of Br (E 0 ) into Br (E) is surjective; (iii) The fields E and E v admit local p -class field theory, for a given prime p ∈ P(E) , if and only if Br (E) p = {0} ; in order that Br (E) p = {0} it is necessary and sufficient that E contains as a subfield an extension E n of E of degree divisible by p n , for each n ∈ N ; i.e. to the p -component of the quotient group Q/Z .
The following lemma is a partial generalization of the Grunwald-Wang theorem [Wa] , (see also [AT, Ch. 10, Theorem 5] and [T, Sect. 2] 
By the Grunwald-Wang theorem, L has a cyclic extension Φ of degree n with a completion Φ w ′ i isomorphic to Φ i over L w i whenever i ∈ {1, ..., t} and w ′ i is an absolute value of Φ extending v . It is now easy to see that Φ ⊗ L E := F is a field with the properties required by Lemma 1.1.
Let now E 0 be a global field , E an algebraic extension of E 0 , v an absolute value of E , E v a completion of E with respect to the topology induced by v ,v the absolute value of E v continuously extending v , E ′ 0 the closure of E 0 in E v , E ′ the compositum of E and E ′ 0 , v ′ the absolute value of E ′ induced byv , and p a prime number. Applying (1.4) and (1.5), one obtains the following:
is an algebraic extension and E ′ 0 is a completion of E 0 with respect to its absolute value induced by v ; in particular, E ′ 0 is isomorphic to R , C or a local field;
(ii) If v is archimedean, then E v is isomorphic to R or C ; hence, Br (E ′ ) = {0} unless p = 2 and E v ∼ = R ; (iii) If v is nonarchimedean, then v ′ is Henselian; it induces on E ′ 0 the continuous prolongation of v 0 ; (iv) The absolute Galois groups G E ′ and G E v are continuously isomorphic, and the natural homomorphism of Br (E ′ ) into Br (E v ) is an isomorphism.
The following result can be viewed as a generalization of the classical Brauer-HasseNoether-Albert theorem [HBN] , [AH] (see also [We, Ch. XIII, Sects. 3 and 6] 
Proof. Fix an absolute value v ∈ S(E) as well as a central division E v -algebra ∆ , and denote by E ′ 0 and E ′ the intermediate fields of E v /E 0 defined in (1.6). By (1.6) (iv), there exists an E v -isomorphism ∆ ∼ = ∆ ⊗ E ′ E v , for some central division E ′ -algebra ∆ , uniquely determined up-to an E ′ -isomorphism, and by (1.2), ∆ is
Using consecutively (1.6) (i) and the description of Br (E 0 ) by class field theory (see, for example, [We, Ch. XIII, Sect. 6) , one obtains the existence of a central division E 0 -algebra ∆ 0 such that ∆ 0 ⊗ E 0 E ′ 0 and ∆ 0 are similar E ′ 0 -algebras. These observations and the general behaviour of tensor products under the formation of scalar field extensions (cf. [P, Sect. 9.4, Corollary a] ) indicate that the algebras ∆ and (∆ 0 ⊗ E 0 E) ⊗ E E v are similar over E v , which proves the former assertion of 
for each k ∈ N and any λ k ∈ L k . Therefore, the mapping v of E into R by the
Applying (1.6) (ii), Proposition 1.2 and the latter part of (1. 
Proof. The assertion is well-known in the special case where [M : F] ∈ N (cf. [L1, Ch. 
, one obtains that P = φ from the compactness of G(M/F) . Since g(v 1 ) = v 2 , for every g ∈ P , this proves Lemma 1.4.
Statements of the main results
It is clear from Galois theory and and the general description of relative Brauer groups of cyclic extensions [P, Sect. 15 
When these conditions are in force, v(p) is uniquely determined, up-to an equivalence, for each p ∈ P(E) . Moreover, the natural homomorphism of Br (E) into
Definition 2.1. With assumptions and notations being as in Theorem 2.1, a system of absolute values of E is called characteristic, if it is subject to the restrictions in (ii).
Theorem 2.1, Proposition 1.2 and statements (1.6) (iv) and (1.7) indicate that if E is an algebraic extension of a global field E 0 , F is an intermediate field of E/E 0 , and for each p ∈ P(E) , w(p) is the absolute value of F induced by v(p) , then the groups Br (F) p and Br (F w(p) ) p are nontrivial. Therefore, our research concentrates on the study of the following class of fields: Definition 2.2. Let E 0 be a global field, E 0 an algebraic closure of E 0 , F an extension of E 0 in E 0 , P a nonvacuous set of prime numbers for which Br (F) p = {0} , and {w(p) : p ∈ P} a system of absolute values of F , such that Br (F w(p) ) p = {0} . Denote by Ω(F, P, W) the set of intermediate fields E of E 0 /F with the following properties:
(i) E is a strictly PQL-field and P(E) = P ;
(ii) E possesses a characteristic system {v(p) : p ∈ P} of absolute values, such that v(p) is a prolongation of w(p) , for each p ∈ P .
Our main results about the set Ω(F, P, W) can be stated as follows:
Theorem 2.2. With assumptions and notations being as above, Ω(F, P, W) is a nonempty set, for which the following assertions hold true: 
Let E be an algebraic extension of a global field E 0 , and R a finite extension of E . We say that an element α ∈ E is a local norm of R/E , if α = 0 or α lies in the norm group N(R v ′ /E v ) , for every absolute value v of E , and each prolongation v ′ of v on R . We denote by N loc (R/E) the multiplicative group of nonzero local norms of R/E . As it turns out, if E is a strictly PQL-field, then N loc (R/E) is a subgroup of N(R/E) and both are determined by the local behaviour of R/E . Theorem 2.3. Let E 0 be a global field, E 0 an algebraic closure of E 0 , E an intermediate field of E 0 /E 0 admitiing local class field theory and with P(E) = φ ,
and P(M/E) the set of prime numbers dividing [M : E] and lying in P(E) .
Then there exist abelian finite extensions F 1 and F 2 of E in E 0 , and a positive number ε , for which the following is true:
visible by any prime number out of P(M/E) ; in addition, the quotient groups E * /N(R/E) and E * /N loc (R/E) are isomorphic to the Galois groups G(F 1 /E) and
where
Theorem 2.3 and our next result are proved at the end of Section 5. 
provided that ε is a sufficiently small positive number depending on M/E .
Remark 2.4. It is well-known that if E is an algebraic extension of a global field of characteristic q > 0 , and E q is the subfield of q -th powers of elements of E , then the degree of E over E q is equal to 1 or q . This implies that if R/E is a finite extension and R 0 is the separable closure of E in R , then N(R/R 0 ) = R * 0 and N(R/E) = N(R 0 /E) , i.e. N(R/E) can fully be described by applying Theorem 2.3. One also sees that norm forms of R/E are subject to Hasse's principle.
The following statement presents another form of the Hasse norm principle.
Proposition 2.6. Assume that E 0 is a global field, E is an algebraic strictly PQLextension of E 0 , P(E) = {φ} and V = {v(p) : p ∈ P(E)} is a characteristic system of E . Also, let M be a finite Galois extension of E , and P(M/E) the set of prime numbers dividing the degree [M : E] . Then there exists a finite abelian extension M of E satisfying the following conditions:
The field M is uniquely determined by M , up-to an E -isomorphism.
Proof. This follows at once from Theorem 2.3, Proposition 2.5 and Lemma 1.4.
Retaining assumptions and notations as in Proposition 2.6, one obtains from The- 
The concluding result of this Section characterizes those groups G , for which the isomorphism 
Proof. Our former assertion can be deduced from Proposition 2.6 and Galois theory. (2.1) (i) E m is a strictly PQL-field, P(E m ) := P equals the set of all prime numbers, and the characteristic system {v m (p) : p ∈ P} has the property that v m (p) induces on Q the normalized p -adic absolute value, ∀p ∈ P ;
(ii) M m /E m is a Galois extension with G(M m /E m ) ∼ = G , and for each p ∈ P ,
Let P(G) be the set of prime numbers dividing m , and let G p be a Sylow psubgroup of G , for each p ∈ P(G) . It is clear from Proposition 2.6, statement (2.1) (iii) and the commutativity of the groups G p : p ∈ P (G) , G) . This implies that res p maps C(G) p bijectively on a pure subgroup of C (G p contains as a subfield an abelian extension F n of E m of degree m/n , for each natural number n subject to the restrictions of Proposition 2.7. Observing that
, for each p ∈ P , and put W n = {w n (p) : p ∈ P} . As E m is a nonreal field, we have Br (F n,w n (p) ) p = {0} , p ∈ P , i.e. the set Ω(F n , P, W n ) is well-defined. Applying now Theorem 2.2 (iii), one concludes that if M n = M m E n , for some minimal element E n of Ω(F n , P, W n ) , then the extension M n /E n has the property required by Proposition 2.7.
Algebraic p -quasilocal extensions of global fields and Galois groups of their maximal p -extensions
In this Section we characterize algebraic extensions of global fields admitting local p -class field theory, for a given prime number p , and thereby prove Theorem 2.1.
Our argument is presented by the following three lemmas. 
Proof. It is clear from Galois theory (cf. [Ko, Proposition 2.11] ) that E(p) embeds in E v 1 (p) as an E -subalgebra. Identifying E(p) with its E -isomorphic copy in E v 1 (p) , one obtains from the condition on 
case v is nonarchimedean), this enables one to complete the proof of our assertion, proceeding by induction on n . The obtained result indicates that E v 1 (p) = E(p).E v 1 and there exists an
Using again Galois theory, one also concludes that the groups G(E(p)/E) and G(E v 1 (p)/E v 1 ) are canonically isomorphic. It is now clear from Lemma 1.1 and the condition on E(p) and E v 1 that E v 2 does not admit cyclic extensions of degree p , which means that concludes that our assertion will be proved, if we show that ME v is a splitting field of the M -algebra ∆ ⊗ E M . Since the algebras (
and (∆ ⊗ E (ME ′ )) ⊗ ME ′ (ME v ) are isomorphic over ME v , it is sufficient to establish that ∆ is split by ME ′ over E . This property of ∆ follows from the fact that E ′ is a quasilocal field, the equality [(ME ′ ) : E ′ ] = p and the existence of an (ME ′ ) - (ii) Br (E) 2 is of order 2 in case E v is isomorphic to R .
Proof. By [Ch3, Lemma 3.6], a 2 -quasilocal field E is formally real if and only if Br (E) 2 is of order 2 . This, combined with (1.5) (iv), (1.6) (i), (iv) and Lemma 3.1, proves our assertion.
Remark 3.4. We refer the reader to [Ch5] , for a description of the Galois group G(E(p)/E) of a field E satisfying the conditions of Lemma 3.3 with respect to p . In particular, it characterizes the discrete valued fields with finite residue fields in the class of algebraic strictly PQL-extensions of Q . The main results of [Ch5] also give a classification, up-to continuous isomorphisms, of the profinite groups G realizable as Galois groups of maximal pronilpotent extensions of primarily quasilocal fields (i.e. p -quasilocal fields, for every prime p ) E(G) algebraic over a given global field E 0 .
When char (E 0 ) = q > 0 or the Sylow pro-p -subgroups of G are not isomorphic to the additive group Z p of p -adic integers, for any prime p , this is supplemented by an answer to the same question for strictly PQL-fields algebraic over E 0 .
Our next result shows that an algebraic extension E of a global field E 0 satisfying the condition Br (E) = {0} is a field with local class field theory in the sense of [NP] if and only if finite extensions of E are strictly PQL-fields. 
The field E has an absolute value v for which E sep ⊗ E E v is a field;
Proof. p , for each p ∈ (Π(E) \ {2}) . As a matter of fact, the obtained result proves that E is real closed, since, by [Ge, Theorem 2.3] , the algebraicity of E over Q guarantees the procyclicity of abelian subgroups of G E . Our argument also relies on the fact (cf.
[Ch3, Lemma 3.6]) that E is formally real and 2 -quasilocal if and only if E(2)/E is a quadratic extension, and when this occurs, Br (E) 2 is of order 2 . Hence, by the Artin-Schreier theory (cf. [L1, Ch. XI, Sect. 2] ) and Lemma 3.3, E is a real closed field if and only if it possesses an absolute value, such that E sep ⊗ E E v is a field and E v is isomorphic to R . These observations prove Corollary 3.5 in the special case where E is formally real. Assuming further that E is nonreal, we complete the proof in the following two steps:
Step 1. Suppose that E satisfies conditions (i) and (ii). Then it follows from Lemmas 3.2 and 3.3 that E is strictly PQL and Br (E) p is isomorphic to Z(p ∞ ) , for each p ∈ Π(E) . Condition (i) can be restated by saying that v is Henselian, i.e uniquely extendable to an absolute value v F on each finite extension F of E (cf.
[CF, Theorem 10.2]). The prolongation v F is also Henselian, which means that F sep ⊗ F F v F is a field as well. Observing also that the relative Brauer group Br (F/E) is of exponent dividing the degree [F : E] , one concludes that Br (F) p = {0} , ∀p ∈ Π(E) . It is now easy to see from Lemma 3.2 that F is a strictly PQL-field.
Step 2. Assume that finite extensions of E are strictly PQL-fields, and fix a prime Remark 3.6. Lemma 3.3 indicates that if E is an algebraic strictly PQL-extension of a global field E 0 , then finite subgroups of Br (E) are cyclic. This implies that the local reciprocity law for finite abelian extensions of arbitrary strictly PQL-fields (cf.
[Ch2, Theorem 2]) acquires in our situation the same form as in the classical case of local fields. This means that if R/E is a finite abelian extension, then the groups E * /N(R/E) and G(R/E) are isomorphic.
Note finally that if E be an algebraic extension of a global field E 0 satisfying the equivalent conditions of Corollary 3.5, then G E is a prosolvable group. This follows from (1.6) (iv), Galois theory and the solvability of the Galois groups of finite Galois extensions of local fields (cf. [I, Ch. 3, Theorem 6] 
(ii) f p (X) has exactly p − 2 zeroes in E v(2) . This implies that the Galois group G p of f p (X) (over E ) contains a transposition and is isomorphic to a transitive subgroup of Sym p , which ensures that G p ∼ = Sym p .
Minimal algebraic strictly PQL-extensions of global fields
Theorem 2.1 indicates that an algebraic extension E of a global field E 0 with P(E) = φ is strictly PQL if and only if it possesses a system V(E) = {v(p) : p ∈ P(E)} of absolute values, which are p -Henselian for each p ∈ P(E) , unless p = 2 ∈ P(E) and v(2) is archimedean. Therefore, it is reasonable to expect that one of the convenient ways to describe a number of properties of the considered fields is in the language of valuation theory. Our objective in the present Section is to give evidence of this by establishing the existence of some families of algebraic strictly PQLextensions of E 0 , in a form adequate to the needs of one-dimensional local class field theory. For the purpose, we need the following definition.
Definition 4.1. Let F be an algebraic extension of a global field E 0 , P the set of prime numbers, P a nonempty subset of P , and W = {w(p) : p ∈ P} a system of absolute values of F , taken so that Br (F) p = {0} and Br (F w(p) ) p = {0} , for each p ∈ P . Assume also that Π = P \ P , P(I) = P i : i ∈ I , is a partition of P , i.e. a sequence of nonempty subsets of P , such that ∪ i∈I P i = P and P j ∩ P j ′ = φ , for each pair of distinct indices j, j ′ , and χ = {χ i : i ∈ I} is a system of group classes.
The partition P(I) is said to be compatible with W , if the set W i = {w(p i ) : p ∈ P i } consists of equivalent absolute values, and the system χ is called admissible by the pair (W, P(I)) , if the following conditions are in force:
(c) χ i consists of Π i -groups, where Π i = P i ∪ Π , for each i ∈ I ;
(cc) χ i is a saturated group formation including the class of finite p i -groups, for each i ∈ I and p i ∈ P i , unless P i = {2} and w(2) is archimedean; if P i = {2} and w(2) is archimedean, then χ i is the class of groups of orders ≤ 2 .
When F , W , P , P(I) and χ are subject to the restrictions in Definition 4.1, we denote by Ω χ (F, P, W) the set of strictly PQL-extensions K of F in E 0 , such that P(K) = P and there exists a characteristic system V(K) = {v(p) : p ∈ P} with the property that v(p) is a prolongation of w(p) , for each p ∈ P , and v(p i ) is χ i -Henselian, in case p i ∈ P i and w(p i ) is nonarchimdeaen. Our main results concerning this set can be stated as follows:
Theorem 4.1. Let E 0 be a global field, and F an extension of E 0 in E 0 , such that Br (F) = {0} . Assume also that P , Π and W = {w(p) : p ∈ P} are defined as above, P(I) = {P i : i ∈ I} is a partition of P compatible with W , and χ = {χ i : i ∈ I} is a system of group classes admissible by (W, P(I) ) . Then the set Ω χ (F, P, W) has the following properties:
W) is nonempty and satisfies the conditions of Zorn's lemma with respect to the partial ordering inverse to inclusion;
(ii) Every field E ∈ Ω χ (F, P, W) possesses a unique subfield R(E) , which is a minimal element of Ω χ (F, P, W) ; of F w(p) , as well as an embedding θ i of F in F w(p) as an F -subalgebra, for each i ∈ I , and consider the tower {K n : n ∈ N} of extensions of F in F , defined inductively as follows:
(4.1) K 1 = F , and for each n ∈ N , K n+1 is the compositum of the fields
Denote by K the union ∪ ∞ n=1 K n , and put κ(p i )(α) =w(p i )(θ i (α)) , ∀α ∈ K , in case p i ∈ P i and i ∈ I , wherew(p i ) is the unique absolute value of F w(p i ) extending the continuous prolongation of w(p i ) on F w(p i ) . Also, let κ ν (p) be the absolute value of K ν induced by κ(p) , for each pair (p, ν) ∈ (P × N) . We show that K is a minimal element of Ω χ (F, P, W) with a characteristic system V(K) = {κ(p) : p ∈ P} . It follows from (1.1) (ii) that every finite Galois extension L of E in F is isomorphic over E to L n ⊗ K n K , for some index n depending on L , and a suitably chosen finite Galois extension 
is a field, for each p ∈ P , which completes the proof of the assertion that K ∈ Ω χ (F, P, W) and V is a characteristic system of K . It remains to be seen that K is a minimal element of Ω χ (F, P, W) . Let M be a proper extension of F in K . Then there exists an index n ∈ N , such that K n ⊆ M and K n+1 ⊆ M .
This means that K n (π) ⊆ M , for some π ∈ Π , or K n,j ⊆ M , for some j ∈ I . In the former case, this means that the compositum MK n (π) contains as a subfield a cyclic extension of M of degree π , whence π ∈ P(M) . In the latter one, it turns out that M admits a proper finite extension M ′ in MK n,j . Let M 1 be the normal closure of M ′ in E 0 over M . Then M 1 is a subfield of MK n (χ j ) , so it follows from Galois theory
On the other hand, statement (4.1), the inequality M ′ = M and the inclusions M ⊆ M ′ ⊆ MK n,j indicate that the absolute value of M induced by κ(p j ) , for a given p j ∈ P j , has at least 2 different prolongations on M ′ and on M 1 (cf. [CF, Ch. II, Theorem 10.2] ). Applying now Lemma 3.1, one sees that M ∈ Ω χ (F, P, W) , i.e. K is minimal in Ω χ (F, P, W) , as claimed.
The proof of Theorem 4.1 (iii) relies on the fact that if E ∈ Ω χ (F, P, W) and the set P j contains at least 2 elements, for some j ∈ I , then the absolute value v(p j ) ∈ V(E) is χ j -Henselian, for every p j ∈ P j . Since P j ⊆ P(E) and E(p j ) ⊆ E(χ j ) , for each p j ∈ P j , this enables one to obtain the equivalence of the absolute values v(p j ) : p j ∈ P j as a consequence of Lemma 3.1. In the rest of the proof of Theorem 4.1 we identify the completions E v(p i ) : p i ∈ P i , for each i ∈ I . Our considerations rely on the following lemma.
Lemma 4.2. Let E 0 be a global field, E an algebraic extension of E 0 , T a subfield of E including E 0 , u an absolute value of T , and v a prolongation of u on E .
Assume also that E and T admit local p -class field theory, and E(p) ⊗ E E v is a field, for some p ∈ P(E) . Then T(p) ⊗ T T u is a field and p ∈ P(T) .
Proof. Since T u is isomorphic to the closure of T in E v , this can be deduced from (1.7) and Lemmas 3.1 (ii) and 3.2.
We turn to the proof of Theorem 4.1 (i) and (ii). Fix an element E of Ω χ (F, P, W) , as well as a characteristic system V(E) = {v(p) : p ∈ P} of E , and a nonempty set Λ of intermediate fields of E/F lying in Ω χ (F, P, W) . Denote by L the intersection of the fields from Λ , and by v L (p) the absolute value of L induced by v(p) , ∀p ∈ P . We show that L ∈ Ω χ (F, P, W) and V L = {v L (p) : p ∈ P} is a characteristic system for L . Note first that P(L) = P . Indeed, Theorem 2.1 and statements (1.7) and
Assuming that p is a prime number out of P , one obtains from Galois theory that L(p).R/R is ap -extension, which yields L(p).R = R , for each R ∈ Λ , and so proves that 
is a field, so Theorem 4.1 (i) is proved. Our argument also shows that the intersection R(E) of the intermediate fields of E/F lying in Ω χ (F, P, W) is the unique minimal element of Ω χ (F, P, W) among the subfields of E .
It remains to be seen that R(E) has the properties required by Theorem 4.1 (iv). It is clearly sufficient to prove that R(E) can be viewed as an extension of F defined in accordance with (4.1). Identifying, for each i ∈ I and p i ∈ P i , the field E with its canonically isomorphic copy in E v(p i ) , and F w(p i ) with the closure of F in E v(p i ) , fix an embedding j i of E in Σ i as an E -subalgebra. Also, let K be the union of the extensions K n : n ∈ N , of F in E associated with the mappings j i : i ∈ I , as in (4.1). Proceeding by induction on n , and arguing as in the proof of Theorem 4.1 (i), one obtains that K n ⊆ E , for every n ∈ N , i.e. K ⊆ E . Since K is a minimal element of E , this yields K = R(E) , and so completes the proof of Theorem 4.1.
Proof of Theorem 2.2. Statements (i), (iii) and (iv) are obtained by applying Theorem 4.1 to the special case in which I = P and χ p is the formation of finite p -groups, for each p ∈ P , unless 2 ∈ P and w(2) is archimedean. Since the class of solvable groups is closed under the formation of subgroups, quotient groups and group extensions, this enables one to deduce Theorem 2.2 (ii) from Galois theory and (4.1).
Corollary 4.3. Let E 0 be a global field, F an algebraic extension of E 0 , such that Br (F) = {0} and P a set of prime numbers p for which Br (F) p = {0} . Then the set
which are strictly PQL and satisfy the condition P(Σ) = P is nonempty. Moreover, every element
Proof. Clearly, E 0 ∈ Ω φ (E 0 /F) , and it is easily seen that Ω φ (E 0 /F) satisfies the conditions of Zorn's lemma, with respect to the partial ordering inverse to inclusion.
Assuming now that P = φ , one obtains that Ω P (E 0 /F) = φ by applying Theorem 4.1 to the set Ω χ (F, P, W) , where W = {w(p) : p ∈ P} is an arbitrary system of absolute values of E 0 , such that Br (F w(p) ) p = {0} , for each p ∈ P . Note finally that if K ∈ Ω P (E 0 /F) and {v(p) : p ∈ P} is a characteristic system of K , ν(p) is the absolute value of F induced by v(p) , for each p ∈ P , and W(K) = {ν(p) : p ∈ P} , then the set Ω(F, P, W(K)) is well-defined and contains the subfields of K lying
in Ω P (E 0 /F) (see (1.7) and Lemma 4.2), so the existence and uniqueness of R (K) follows from Theorem 4.1 (ii).
Corollary 4.4. Retaining assumptions as in Theorem 4.1, suppose that F = E 0 , 2 ∈ P , w(2) is archimedean, K is a minimal element of Ω χ (F, P, W) , and n is an
Proof. Let d 1 and d 2 be squarefree integers, such that d 1 < 0 < d 2 and d 2 is a nonsquare in E 0 (the existence of d 2 is implied by the Siegel-Besicovitch theorem, see [Si] ). It is known (cf. [G] ) that there exists a set
Note also that the normal closure of K in F over F has a prosolvable Galois group. Indeed, our assumptions indicate that the formation χ i consists of groups of odd order unless P i = {2} , so our assertion can be deduced from the Feit-Thompson theorem [FT] and statement (4.1). Hence, by Galois theory and the simplicity of Alt n in the case of n ≥ 5 , the compositums A k K and B k K are Galois extensions of K with G(
for every integer k ≥ 5 .
Remark 4.5. Theorem 4.5 plays a crucial role in the study of the automorphism group Aut (E/F) of a field E ∈ Ω(F, P, W) (cf. [Ch6] ), for example, in the proof of its triviality when V(E) contains at least 2 nonequivalent absolute values, as well as in clarifying its structure when E is a minimal element in the class of χ -Henselian valued algebraic strictly PQL-extensions of F , for any saturated group formation χ including the classes of finite p -groups, for all p ∈ P . 
(ii) P is the set of prime numbers, and for each i ∈ I , p i ∈ P i , the set W i = {w(q i ) :
Proof. Our argument relies on two observations the latter of which is a special case of the Grunwald-Wang theorem:
(4.2) (i) If E 1 and E 2 are fields lying in Ω χ (F, P, W) , with characteristic systems V(E u ) = {v u (p) : p ∈ P} , u = 1, 2 , and if there exists an F -isomorphism ϕ :
(ii) For every prime π and any p ∈ P , there exists a cyclic extension Φ π of F in F sep of degree π , such that each element of S has π distinct prolongations on Φ π .
Suppose first that π ∈ P and there exist p 1 , p 2 ∈ P , for which w(p 1 ) is not equivalent to w(p 2 ) . Assume also that S = {w(p 1 ), w(p 2 )} , fix a generator ψ π of G(Φ π /F) and prolongations w(p 1 ) ′ and w(p 2 ) ′ on Φ π of w(p 1 ) and w(p 2 ) , respectively. By Lemma 1.4, the set S u of absolute values of Φ π extending w(p u )
: u = 1, 2 . Applying (4.1) and Lemma 1.4, one obtains that Ω χ (F, P, w) contains minimal elements E 1 and E 2 , such that the characteristic system V(E u ) = {v u (p) : p ∈ P} has the property that v u (p) extends w u (p) , in case p ∈ P and u = 1, 2 . Hence, by (4.2) (i) and the choice of w u (p 1 ) and w u (p 2 ) , the fields E 1 and E 2 are not isomorphic over F .
Suppose now that the set I contains different elements j and m , for which the set {w(p ′ ) : p ′ ∈ (P j ∪ P m )} consists of equivalent absolute values. Assume also that π ∈ P j and S = {w(π)} , and fix an element p ∈ P m . It is easily verified that the field Φ π considered in (4.2) (ii) is a subfield of all elements of Ω χ (F, P, W) . Arguing as in the case where π ∈ P , one obtains that Ω χ (F, P, W) contains minimal elements E 1 and E 2 , such that the set {v 1 (p ′ ) ∈ V(E 1 ) : p ′ ∈ (P 1 ∪ P m )} consists of equivalent absolute values, whereas the set {v 2 (p ′ ) ∈ V(E 2 ) : p ′ ∈ (P i ∪ P m )} does not possess this property. It is therefore clear from (4.2) (i) that E 1 and E 2 are not isomorphic over F , which completes the proof the left-to-right implication of Proposition 4.6.
Conversely, let some of conditions (i), (ii) be in force, take minimal elements K and L of Ω χ (F, P, W) , as well as characteristic systems V(K) = {κ(p) : p ∈ P} and V(L) = {λ(p) : p ∈ P} , and for each n ∈ N , denote by K n and L n the intermediate fields of K/F and L/F , respectively, defined in accordance with (4.1). Also, let κ n (p) and λ n (p) be the absolute values of K n and L n , induced by κ(p) and λ(p) , respectively, for any index n . Proceeding by indiction on n (and taking the inductive step by a repeated application of Lemma 1.4), one proves the existence of a sequence ψ = {ψ n : n ∈ N} of F -isomorphisms ψ n : K n → L n , such that ψ n+1 extends ψ n and κ n (p) equals the composition λ n • ψ n , for each pair (n, p) ∈ N × P . The sequence ψ gives rise to an F -isomorphism of K on L , so Proposition 4.6 is proved.
Proposition 4.6 shows that if F is a global field, then the minimal elements of the set Ω (F, P, W) form an F -isomorphism class if and only if P consists of one element or P is the set of prime numbers and the absolute values lying in W are pairwise nonequivalent. As to the concluding result of this Section, it determines the structure of the Brauer groups of algebraic strictly PQL-extensions of global fields, and gives a classification of abstract abelian torsion groups realizable as such Brauer groups.
Proposition 4.7 Let T be a nontrivial divisible abelian torsion group, P(T) the set of those prime numbers p for which the p -component T p of T is nontrivial, and T 0 the direct quasicyclic group sum ⊕ p∈P 0 (T) Z(p ∞ ) , taken over the set
realizable as a Brauer group of an algebraic strictly PQL-extension E(T) of a global field if and only if it is isomorphic to some of the following two groups:
(i) the direct sum of T 0 by a group of order 2 ; in this case, E(T) is formally real;
in this case, E(T) is nonreal and can be chosen
among the class of fields whose finite extensions are strictly PQL.
Proof. Let E be an algebraic extension of a global field E 0 . It is clear from (1.2) that Br (E) q = {0} , for every prime number q not lying in P(E) . This, combined with Lemma 3.3 and Theorems 2.1 and 2.2, proves all assertions of Proposition 4.7 except the one that if T is of type (ii), then E(T) can be chosen so that its finite extensions are strictly PQL. At the same time, by Theorem 4.1, applied to a saturated group formation χ (including the class of finite p -groups, for every p ∈ P(T) ), the partition P = P 1 = P (T) , and a nonarchimedean absolute value w 1 of E 0 , there exists a χ -Henselian algebraic strictly PQL-extension E of E 0 with P(E) = P (T) .
Hence, by Lemma 3.3, Br (E) ∼ = T if and only if T is of type (ii). Since, by Corollary 3.5, finite extensions of E are strictly PQL, in case χ is the formation of all finite groups, the obtained result completes the proof of Proposition 4.7.
Hasse's norm principle
In this Section we prove the validity of Hasse's norm principle for arbitrary finite Galois extensions of the fields pointed out at the end of the Introduction. By Theorem 2.1, the class of these fields includes algebraic strictly PQL-extensions of global fields, which is used for proving Theorem 2.3 and Proposition 2.5. 
for v ∈ E , and an arbitrary prolongation v ′ of v on M . Identifying E v with the 
and equals the intersection
Proof. It is easily verified that if [F : E] = m , {τ j : j = 1, ..., m} is the set of Emonomorphisms of F into M , and σ j is an automorphism of M extending τ j , for
Take an element α ∈ N 0 (M/E) and put [L p : E] = e(p) , for each p ∈ P(M/E) . It is well-known that p does not divide e(p) , for any p ∈ P(M/E) , which implies consecutively that g.c.d.(e(p) : p ∈ P(M/E)) = 1 , α ∈ E * and α e(p) ∈ N(M/E) , for every p ∈ P(M/E) . These observations show that α ∈ N(M/E) , so Lemma 5.2 is proved.
Note that the class of fields satisfying the conditions of 
(ii) There exists a positive real number
Proof. For each v ∈ S p (E) and any absolute value v ′ of M extending v , denote byv andv ′ their continuous prolongations on E v and M v ′ respectively. Also, isomorphic over E v to F ⊗ E E v . This means that F ω /E v is a cyclic extension of degree p , or equivalently, that ϕ is uniquely extendable to an E v -automorphism 
Suppose finally that v is not uniquely extendable on F , and fix a real number ε > 0 . In this case, by Lemma 1.4, the compositions ω • ϕ i := ω i : i = 0, ..., p − 1 , are the prolongations of v on F (and are pairwise nonequivalent). Note also that E is a dense subfield of F ω 0 , ..., F ω p−1 , so one can find elements c 0 , ..., c p−1 of E * such that ω i (α − c i ) < ε , for each index i . Clearly, E * contains elements µ 0 , ..., µ p−1 satisfying the equalities µ j µ −1 j+1 = c j : j = 0, ..., p − 2 , and by the weak approximation theorem, there exists an element β ω ∈ F * such that ω j (β ω − µ j ) < ε , ∀j ∈ {0, 1, ..., p − 1} . Therefore, the product α ω := αϕ (p−1) (β ω ).β −1 ω satisfies the inequalities ω j (α ω − 1) < ε : j ∈ {0, ..., p − 2} , and ω p−1 (α ω − c) < ε . When ε is sufficiently small, this ensures that 
Proof. The assertion that c ∈ N(R/E) is obviously equivalent to the one that c is presentable by f over E . Since N(M/E) ⊆ N(R/E) (cf. [L1, Ch. VIII, Sect. 5]), Lemmas 5.2 and 5.3 indicate that N(R/E) includes as a subgroup the set Σ ε = {λ ∈ E * : v(λ − 1) < ε , ∀v ∈ ∆(R/E)} , for some ε > 0 depending on M/E .
Suppose now that c is presentable by f over E v , for each v ∈ ∆(R/E) , and fix a positive number ε ′ . The polynomial f maps E v continuously into itself, for each v ∈ ∆(R/E) , so the weak approximation theorem implies the existence of an (ρ v )) < ε , for each index j . These observations imply that if c ∈ N loc (R/E) , then one can find an element α ε ∈ R * so that v(N R E (α ε ) − c) < ε , for every v ∈ ∆(R/E) . Therefore, Lemmas 5.2 and 5.3 yield N R E (α ε ).c −1 ∈ N(M/E) , in case ε is sufficiently small. Hence, N loc (R/E) ⊆ N(R/E) , as claimed.
To prove Theorem 2.3 we also need the following lemma. and (1.6) imply that E ′ is separably closed in E v . Considering R with its unique absolute value extending the continuous prolongationv of v on E v , and arguing as in the proof of Lemma 5.3 (ii), one obtains that N( R/E v ) includes the set {λ ∈ E * v :v(λ − 1) < ε} , for some real number ε > 0 . These observations indicate that it suffices to establish the equality N(R ′ /E ′ ) = E ′ * ∩ N(R/E v ) and the fact that E ′ * ∩ N( R 0 /E v ) is a subgroup of N( R/E v ) . Let Σ ′ and Σ be the set of intermediate fields of R ′ /E ′ and R/E v , respectively, and let F ′ be the algebraic closure of E ′ in F , for each F ∈ Σ . It is clear from (1.4), (1.6) and [P, Sect. 9 .2, Proposition c] that there exists an E v -isomorphism F ∼ = F ′ ⊗ E ′ E v , ∀ F ∈ Σ . This implies that the mapping of Σ into Σ ′ by the rule F → F ′ is bijective. Applying (1.4), (1.6) (ii) and Galois theory, one also obtains that R ′ 0 is the maximal abelian extension of E ′ in R ′ . At the same time, it follows from (1.3) (ii) and [P, Sect. 15 (iii) that E v(p) admits local p -class field theory, for every p ∈ P(E) . Since
(ρ) , ∀ρ ∈ R * , these observations, combined with Theorem 2.1 and Lemma 5.6, prove that N(R/E) = N(F 1 /E) and N loc (R/E) = N(F 2 /E) , for some finite abelian extensions F 1 and F 2 of E in Q determined by Theorem 2.3 (iii) and (iv). They also show that F 1 ⊆ F 2 and P(M/E) contains the prime divisors of [F 2 : E] . Now Theorem 2.3 (ii) can be deduced from the Burnside-Wielandt characterization of nilpotent finite groups (cf. [KM, Ch. 6, Sect. 2] ), Galois theory and Lemma 3.1 (i). As to the latter part of Theorem 2.3 (i), it is contained in Remark 3.6 (i), so Theorem 2.3 is proved.
We conclude this Section with an example of a field extension R/E satisfying the conditions of Theorem 2.3, for which N loc (R/E) = N(R/E) .
Example 5.7. Let P be the set of prime numbers, w(p) the p -adic absolute value of Q , E a minimal element of Ω(Q, P, W) (where W = {w(p) : p ∈ P} ), V = {v(p) : p ∈ P} a characteristic system of E , and R an extension of E in Q obtained by adjoining a root α of the polynomial f (X) = X 4 + 8X 2 + 256X − 20 . Also, let g(X) = X 3 − 16X 2 + 144X + 256 2 be the resolvent polynomial of f (X) , and Q 2 an algebraic closure of Q 2 . It is easily verified that f (X) has roots in Q 3 and in the subfields Q 2 ( √ 2) and Q 2 ( √ −10) of Q 2 , but has no roots in Q 2 (cf. [L2, Ch.
II, Proposition 2])
. One obtains similarly that g(X) is irreducible over Q 3 and the discriminant d(g) = d(f ) lies in Q * 2 3 . Observing also that −5d(f ) ∈ Q * 2 2 , whereas −5 ∈ Q * 2 2 , one proves that f (X) and g(X) are irreducible over Q with Galois groups isomorphic to Sym 4 and Sym 3 , respectively. These results, combined with Theorem 2.2 (iii), imply that g(X) and f (X) remain irreducible over E with the same Galois groups. They also show that v(p) has two nonequivalent prolongations v 1 (p) and v 2 (p) on R , for p = 2, 3 . Hence, by Theorem 2.3, N(R/E) = E * and N loc (R/E) is a subgroup of E * , such that E * /N loc (R/E) is noncyclic of order 12 .
